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1. (a) Let (fn) be a sequence of functions on a metric space E that converges
uniformly to a function f on E. Suppose each fn is continuous. Show that f is
continuous on E (Marks: 4).

(b) Let (fn) be a sequence of Riemann-integrable functions on [a, b] that con-
verges uniformly to a function f on [a, b]. Prove that f ∈ R[a, b] and

∫
fn →

∫
f .

2. (a) Let (fn) be a sequence of increasing functions on R with 0 ≤ fn(x) ≤ 1 for
all x ∈ R and all n. Prove that (fn) has a subsequence that converges pointwise.

(b) Prove that every uniformly convergent sequence of bounded functions is
uniformly bounded (Marks: 3).

3. (a) Let f :Rn → Rn be a linear map. Find a necessary and sufficient condition
for f to have potential (Marks: 5).

(b) If f is a continuous function on an open subset S of Rn such that
∫
fdα = 0

for any curve α in S, show that f = 0.

4. (a) Let P and Q be scalar valued continuously differentiable functions on R =
[a, b] × [c, d] and α be the (positively oriented) boundary C of R. Prove that∫ ∫

R
(∂Q/∂x− ∂P/∂y)dxdy =

∫
C
Pdx+Qdy.

(b) Suppose S is a surface whose boundary is x2 + y2 = 1 and f(x, y, z) =
(xez

3−2z2 , sin(xyz2) + y, ez sin z2 cos(xy)). Find
∫ ∫

S
curlf · ndS (Marks: 4).

5. (a) Let F :Rd → Rd be a continuously differentiable map. If F (0) = 0 and F ′(0)
is invertible, prove that there is a neighborhood V of 0 in Rd and primitive
maps G1, · · · , Gd on V such that F = F ′(0)G1 · · ·Gd on V .

(b) Give an example of an infinitely differentiable function φ on Rd such that
S(φ) ⊂ Br(0) but φ = 1 on Bs(0) where 0 < s < r (Marks: 4).
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